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PREFACE 

Mathematics is such a vast and rapidly expanding field of study that there 
are inevitably many important and fascinating aspects of the subject vhich, 
thougU within the grasp of secondary school students, do not find a place in the 
curriculum simply because of a lack of time. 

Many classes and individual students, hovever, may find time to pursue 
mathematical topics of special interest to them. This series of pamphlets, 
whose production is sponsored by the School Mathematics Study Oroupt is designed 
to make material for such study readily accessible in classroom quantity. 

Some of the pamphlets deal with material found in the regular curriculum 
but in a more extensive or intensive manner or from a novel point of view» 
Others deal with topics not usually found at all in the standard curriculum. 
It is hoped that these pamphlets will find use in classrooms in at least two 
ways. Some of the pamphlets produced could be used to extend the work done by 
a class with a regular textbook but others could be used profitably when teachers 
want to experiment with a treatment of a topic different from the treatment in the 
regular text of the class. In all cases ^ the pamphlets are (designed to promote 
the enjoyment of studying mathematics. 

Prepared under the supervision of the Panel on Supplementary Publications of the 
School Mathematics Study Group; 

Professor R. D. Anderson, Department of Mathematics, Louisiana State 
University, Baton Rouge 3, Louisiana 

Mr. Ronald J. Clark, Chairman, St. Paul's Fchool, Concord, New Hampshire 03301 

Dr. W. Eugene Ferguson, Newton High School, Newtonville, Massachusetts 02l6o 

Mr. Thomas J. Hill, Montclair State College, Upper Montclair, New Jersey 

Mr. Karl S. Kalinan, Room 711D, Office of the Supt. of Schools, Parkway at 
Plst, Philadelphia 36, Pennsylvania 19103 

Professor Augusta Schurrer, Department of mthematics. State College of Iowa, 
Cedar Palls, Iowa 

Dr. Henry W. Syer, Kent School, Kent, Connecticut 

Professor Frank L. Wolf, C&rieton (X)llege, Northfield, Minnesota 55057 

Professor John E. Yarnelle, Department of Mathematics, Hanover College, 
Hanover, Indiana 
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MATHIMATICAL SYSTEMS 
COftMENTARY FOR TEACHERS 



In this boc '.et it ie particularly ingxjrtant that teachers have clearly 
io aind both the objectives of the booklet and the suggested method of approach 
to te used vith it. 

The main objective is to lead the students to achieve some appreciation 
of the oature of mat heiaat leal systems ■ It is neither intended nor desirable 
thBt t.he students memorize the various tables introduced here, or drill for 
maetery of the operations introduced here. 

It is especially isiportant that the teacher read this booklet through 
Very carefully before planning his pr**sentation, and give considerable thought 
to sozne introductory motivation, and even more to hov to lead the students to 
di scoyer the various relationshij s and properties which appear in the booklet 
for ttiemselves in advance of the reading of the text. The text itself attempts 
to suggest problems and processes for doing this as does this teacher's guide. 
However, these can be effective only if carefully planned for by the teachers. 
The process of discovering, of perceiving for one's self is a vital step in 
achieving our major objective: an appreciation of the nature of some types of 
methecatical systems. This is close to an appreciation of the nature of 
modem mathematics and or the vork of mathematicians. 

One of the nest important activities of modem mathematicians is the 
searcli for common attributes of properties often found in apparently diverse 
situations or systems . Sometimes these common elements are deliberately built 
into nev systems vhich are constructed as generalizations or abstractions of 
old systems, as when the number system is extended from the system of counting 
nuisbers to the whole numbers, to the rational numbers, etc., etc. Sometimes 
these cojnmon elements are observed in systems less clearly related at first 
glance, as vhen the changes of position of a rectangle into Itself are 
conceived of as forming an algebraic system with a "imxltiplication" table, 
which is discussed in the booklet. 
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Frequently^ the systems developed out of the intellectixal curiosity of 
matheisati clans and their search for patterns in diverse abstnct situations 
have been exactly the tools needed and seized upon by scientists in their 
attack on the problems of our physical world. The theorj^ of groups, which 
actually has as its logical beginnings the properties discussed in this 
booklet^ had ito chronological beginnings in the early 19th Century in problems 
relating to the solution of equations. Matrices^ some of which form groups 
and give further examples of the principles of this booklet were invented 
largely by the Englishman Arthur Cayley a little later. Within our generation 
the German physicist Werner Heisenberg has used matrices in the formulation of 
the quantum mechanics which is highly important in modem physics. Analogous 
stories relate the developn^nt of radio by Marconi to the differential 
equations of Maxwell, and point out that the outgrowths of Einstein's relativity 
theory owe much to his use of the tensor calculus developed by the Italian 
geometers Rlcci and Levi-Clvita. All of these stories have the same theme, 
namely* that both mathematicians and scientists are always seeking unifying 
principles or patterns. Frequently mathematics, developed solely for the 
intrinsic interest of its properties and structure, was later found to fit 
the needs of science, but for both science and mathematics we need to develop 
students who can see and understEuid patterns and structure. 

In thlB booklet ve r.re ntudying mathematical systems involving sets of 
elements and binary oper^itiona. Such systems which have certain simple 
additional properties are called groups and their study is a major branch of 
so-cnlled **modem algebra." We chall not use all of these technical terms. 
However, other cubstnntlal objectives incidental to the major concern of this 
booklet ^nd ^pproprinte for secondary school ctudent^^ are: 

1. Increased understandiJig of the nature and occurrence of the 
comniutatlve y associative ^ and distributive properties, as 
well .i.^ f'oncepts of closure, identity element , inverse 
of an element . 

2. Increased understauiding of the inverse of an operation and 
its relationship to inverse and Identity elements* 

Additional discuss ione of these ideas and problem materials may be found 
in the books listed in the bibliography at the end of this booklet. 



Aside from the general com! derations mentioned fibove, there are very 
specific jsppli cations of the modular systems vith which this booklet is 
chiefly concerted. The applications to dtys of the veek^ hours of the day, 
days in the month are obvious and immediate. Itot quite so obvious are 
applications to tw3-vay switches (mod 2) i^ich are most conanon, but also to 
n-vay switches for a number of small values of n. These are used increasingly 
in modem computing and in Industry. The recognition that all are aspects of 
one system modular arithmetic gives insight not only to mathematics 
but to various applications as well. This in turn is an eyample of 
periodicity a repetitive pattern that occurs so often within and outside 
of mathematics. 

The teacher should be especially cautioned in the use of the exercises 
in this booklet. There are altogether too many for use in one class. To give 
all would lay too much stress on techniques and make a chore out o^f what should 
be an interesting development. Many exercises are given so that the teacher 
may use different sets in different classes and have some left over for 
review at the end. 



ERIC 



!• A Nev Kind of Addition 

&wr»l of the «ectioai, including the first, dittcuts the properties of 
i&ftt ii referred to as oodultr arithmetic ^ The face of a clock is used to 
illustrate modular addition. The following quote provides background for the 
basic notion of this idea: 

"In nuiaber theory we are often concerned with properties which are true 
for a whole class of integers differing from each other by nultiples of a 
certain integer* Take, for Instance, the fact that the square of an odd 
integer when divided by 8 leaves 1 for a reaainder. Here we hrive a 
property holding for all odd numbers j that is, for a class of numbers differing 
from each other by multiples of 2* As another example, we see that when the 
last digit of a nuisber, in decimal notation, is 6, then the last digit of its 
square will also be 6. Thus, in this s1s^)le example, we deal again with a 
property shared by integers differing by a multiple of an integer; namely, 10- 

"The consideration of properties holding for all Integers differing from 
each other by a naatiple of a certain integer leads in a natural way to the 
notion o • congruence * Tvo integers a and b rfiose difference a - b is 
divlsibli by a given number m (not O) are said to be congruent for tne 
modulus m or simply congruent modulo m. C^uss, who introduced the notion 
of congruence, proposed the notation 

a s b (mod m) 

to designate the congruence of a and b modulo m.'*^ 
Soms textbooks use the following definition; 

If a « km + b, then a v b (mod m) . The B sign is read, •*Is 
equivalent to" or "is congruent to"* 

We emphasize that there is no need for the pupil to become familiar with 
the terms used in the above discussion, including '^modular arithmetic". 

In solving problems using replacements, encourage the pupil to make a 
list of possible replacements first. For (mod 5) the set of possible 
replacements would be {0,1, 2,3,^} I for (mod 8), the set would be 
(0,1,2,3,4,^,6,7) • These ere examples of finite systems. 



Uspensky and Heaslet, Elementary Number Theory , McGraw-Hill, I939, 
page 126. 



For tbt tMchtr^s Inforwtion e«eh eleoent of the get emn be coneid«r«d 
W fcn eqm valence clue, thus, numbers are put in ettulvmlence claases. 

Without ■ doubt, coae puplle will wonder vAy the syiibol ("is con- 

gruent to") i« used Inatead of Biia is an excellent opportunity to 

point out that the . sign is used when we have two names for the same thingi 
thua 3 2 - U ■♦- i since these are two names for the same nuaber, five. In 
the case of nodular arithmetic, when we say "Five la congruent to one, (mod 
the "five" and the "one" are not names of the same thing, thue it is necessary 
to Introduce another symbol to describe this relationship. 

Answers to Exerciees 1 
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(a) 0 
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3. (•) 0 (c) 1 

i^) I id) 2 

Tile teacher may want to let the students try exercises (mod h) before 
taking up other moduli. 
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U) 2 (c) 2 

(b) k id) 2 

The pupils may u«e the tables made in Problem 3 above or make sketches 
of clocks. 

^. (a) 1 (e) ^ 

(b) 1 (f) ^ 

(c) 1 (g) 1 

(d) 2 (h) 0 

6. 23 + 3. The hand will go around four times and stop at 3* 

7. Seven hours after eight o'clock is five o'clocis.. This is addition 
{mod 12). 

8. Kine days after the 27th of March is the fifth of April. This is addition 
(mod 31) since there are 31 i«y« in March. 



2, A Nev Kind of Multiplication 

This section does for multiplication ^rtiat the first section did for 
addition* It not only gives other examples of operations for use in the 
next section but also prepares for modular arithmetic in a later section. 
The transition from getting a multiplication table by adding to getting 
It by dividing and taking the remainder should be made on the initiative of 
the students as a means of making ciKsputation easier. It is hoped that this 
could be discovered by sOTie of the students themselves. Problems 5 and 6 
are designed to encourage this transition. This is certainly one place where 

6 
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to pusb « tnmaitlon too npidly c«n iMd to trcAiblc but viwr« discovery In 
ttm «tudenta» ovn good tiae can be an enjoyable experience for all concerned. 



AngnerB to Hxerciees 2 
I. (•) 
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(c) 
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2. (•) 
(b) 
(c) 

3. (•) 

a) 



6. 



#8. 



1 
0 

3 

6 
1 



(d) i 

(e) 0 

(c) 6 

(d) 0 



U. {«) (7)(10) ■ 1 (nod 31) 
70 » 8 (nod 31) 
1* + 8 = 12; hence Februarj- 12 is the date 10 weeks after 
December ^th. 

(b) (2) (365) ■ ? (mod 7) 
730 ■ 2 (nod 7) 
Thtirsday was the day of the week for August 6, 1959- 

5. (nod 5) 
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The Table is identical with the multiplication Table (mod 5). Dividing 
a vbole number by 5 and retaining the remainder yields the saioe 
results as those obtained by subtracting the greatest multiple of five 
contained in a given number and retaining the remainder. It may be 
easier to divide and I'etain the remainder. 



(a) X = 2 

(b) X = 

(c) X = 1 

(a) impossible* 

(b) impossible 

(c) X - 1, X - 3f 

(d) iffipOBsible 

(e) X 1 0, X = 2, 



(d) 
(e) 



X = 3 
X = 0 
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3* Wat Is an Opeimtlon ? 
SklllB and Uaderatandlaj^g 

1. To recognire a binary operation described by a table. 

2. To recognize a binary operation deecribed In words. 

3. To find, from a table, the result of putting two elements together 
in a binary operation described by the table. 

h. Tb find, by coagjutation, the result of plotting two elements 
together in a binary operation described in words. 

5. To tell, from the table for a binary operation, whether or not 
the opentlon is conmjutative . 

6. To know that: 

(a) In order to show that a binary operation is associative, it 
is necessary to show that an equation [e.g. a ■>(■ (b •)«• c) = 
(a ^f b) -jf- d holds for every triple of elements a, b, c. 

(b) In order to show that a binary operation is ^t ass. dative, 
it is sul'ficlent to find one triple of elements a, b, c 
for which the equation does not hold [e.g. a ^ (b c) ^ 
(a* b) -x- c]. 

Teaching Suggestions 

To be given a binary operation, we must be gl fen a set of elements and 
a way of combining any two elements to get a definite thing. The "definite 
thing" may or may not belong to the original set of elements. The two elements 
we combine nay be the same element taken twice. If the operation is given to 
us by a table, the set is composed of those elements whicl. appear in the 
left-hand column and in the top row (the same elements must appear in both 
places). For example, the set for the operation of Tuhle (c) is (0,1,2,3); 
that for the operation of Table (d) is (1,2,3). In IVible (d), all the ' 
entries in the table belong to the set (1,2,3); in Table (c) many of tue 
entries in the table do not belong to the set (0,1,2,3). This point is 
discussed more fully in the next section on closure. 

Bring out by class discussion that the entries in the tables (the 
results of putting two elements together) could be anything at all. As later 
examples will show, they do not have to be nunfijers. 
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Practice reading the tables. Stress that, in evBluating 1 □ 3, the 
it to be found in the Left column, and the "3" in the top row. Point 

out that 1 □ 3 " 5 and 3 □ 1 « ?, so it is necessary to be careful about 

the order in which eleronts cure written* 

Some examples for class discussion are given below. 
Example 1: Set: The counting numbers. 

Rule of Procedure: Given any two elements, take twice the first and add 
three times the second. This is an opei^tion, but it is not commutative 
and it is not associative* 

Example 2; Set: The counting numbers. 

Rule of Procedure: Given anj two elements, take twice one of them and 
add three times the other. 

This rule does not define an operation since a "definite thing" is 
not always determined. For instance, in combining 2 and 3, we are 
allowed to form either 2 • 2 4- j . 3 ^ I3, or 2 • 3 3 • 2 = 12. The 
result of an operation applied to two elements must be unique, that is, 
there can be one and only one answer. It could also be seen from a 
table that this rule does not describe an operation. The table woiJ_d 
have more than one entry in some places (everywhere except on the diagonal 
from upper left to lower right ) . 

Example ^; Set: The whole numbers. 

Rule of Procedure: Given any two elements, divide the first by the 
second. 

This rule does not define an operation, since division by zero is 
impossible. The elements 2 and 0 cannot be put together in that 
order. Notice that, in the order 0 and 2, they can be combined 
(the result is zero). It could also be seen from a table that this 
rule does not describe an operation. The table would have some of the 
spaces blank (the column with "0" at the top would be blank) - 
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Dlgcugslon of Exgrclses ^ 

S. In the sch^ssatlc diagrta «t the 
right, B ^ h l8 to l2e entered 
at poiition X, and b <ie a 1b 
to be entered at position Y. 
These tw positions are 
eyasaetrically located with 
respect to the diagonal fron 
upper left to lower right. 
(The elttsents are arranged in 
the sajae order in the top row 
and left column.) If an operation 

Is coamtative, its table will be synaaetric about this diagonal, and 
conversely, 

3. Bring out by discussion that, to prove an operation is associative, 

requires testing every triple? one example wuld be sufficient to prove 
an operation is not associative. To prove associativity for an operation 
by examining all the cases is aLoost always a long process. Each student 
should check 2 or 3 cases and if all of them are satisfactory, the 
following statement can be made; "This operation appears to be 
associative, but we are not really sure," 



In making a table for each of these operations, arrange the elements of 
the set in the same order in the top row and left column* Coc^jute and 
fill in as many entries in the table as needed to see the pattern. 
Associativity can be decided from known properties of the counting 
nuiabers. 

(a) This operation is not completely described. If the two given 

numbers are equal, there is no smaller one, of course. Bring out, 
by class discussion, that, if the two numbers are the same, the 
result of the operation should be defined as that same number. 
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5* and 6* The etudenta vill need help in beginning these probleas. Kie 
successive steps are as follovs: 

(l) Choose a set (each pupil may have a different set, but it is better 
not to have too nauoy elements in each set so the problem will not 
be too long)» Suppose the set {1,2,3} is chosen. 



(2) 



(3) 



Make the framework for a table as 
shovn at the right. Hie elements 
in the set vhicb vas nhosen in (l) 
will appear in the le**t a>luian 
and top row. Arrange them in the 
same order. 



Choose a symbol, such as , for 
the operation and put it in the 

left-hand comer of the framework; make up a name to go vith it, 
such as "star". 



Fill in the table. Etaphasis^e that the names of any objects whatever 
may be placed in the bocfcr of the table it is not necessary that 
these objects be elements of the set chosen in (l). If the 
operation is to be coimmitative, the table must be symmetric about 
the diagonal from upper left to lover right. If the operation 
is not to be commutative, the table must not be symmetric. 

7* Here, a way to write the information is to arrange the elements and the 
corresponding results of the operation in two rows or columns. Usually 
some symbol (such as "x") is \ased to denote an element of the set 
and a different symbol (such as "y*^ or, in this case, "x*^") demtes 
the corresponding result of the operation. The table is given in tvo 
columns in the answrs. It could also be written in two rows as shown 
below. 
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0 12 
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8 9 


10 


x5 


0 18 


27 


6k 


125 


216 


3^3 


512 729 


1000 



Notice that • unary operation requires only a one-dimenBional table, 
a binary operation requires a two- dimensional table, and a ternary 
operation wulcl require a three-dimeuBional table. 
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toawra to ExerclBes I 
1. 



U) 
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(g) 
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(k) 



•nd 1 □ 1» is not defined 
since k does not appear 
in the top row. 

3 

(1) 3 

2. (a), (b), (d), (e). The table muat be syinmetric about the diagonal 
from upper left to lower right. See discuBsion, ExerciBes 2. 

There is no short-cut method; to prove associativity each triple of 
elements muet be combined in the tvo wye and the corresponding results 
must be equal. The operations of Tables (a) and (d), (e) are associative; 
those of Tables (b) and (c) are not. See discussion. Exercises 3. 

See discussion. Exercises 3. The operation syi^ls are omitted in the 
following tables; 

(a) 
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501 


501 


502 


503 


9 • • 


535 






502 


502 


502 


503 


a • • 


535 






503 


503 


503 


503 


at* 


535 


Cbmmutatlve; 


Yes 


• 
f 


• 


» 
• 


• 

• 


• » • 
at* 


9 
a 


Associative; 


Yes 


• 

535 


• 

535 


• 

>35 


• 

535 


• • y 

• • a 


« 

535 
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(c) 



(d) 



(e) 





2 


3 


5 


7 


U 




2 


2 


3 


5 


7 


11 




3 


3 


3 


5 


7 


11 




5 


5 


5 


5 


7 


11 


Oozzmitative: Yes 


7 


7 


7 


7 


7 


11 


Associative : Yes 


U 

• 
• 


U 

• 
• 


U 

• 
• 


11 

• 
• 


11 
• 


11 

• • • • 

• • • • 






ho 






... 


60 




ho 


UO 




ho 


... 


1*0 




k2 




1*2 


k2 




1*2 




kk 








... 


1*1+ 


CosBnutatlve: No 


* 
m 


« 


• 
• 


m 

• 


... 


• 
• 


Associative: Yes 


60 


60 


60 


60 


... 


60 






1 


2 


3 


•• 


1*9 




1 


3 




5 


•• 


51 




2 


5 


6 


7 




53 


Cammitative ; No 


3 


7 


8 


9 




51* 


Associative : No 


• 


• 


* 


• 


•• 


• • 


(Try the triple 1, 


• 

U9 


• 

99 


100 


• 

101 




1U7 
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(h) 





1 


2 


3 


1* 


5 






X 


1 


2 


3 


h 


5 






2 


2 


2 


6 


k 


10 






3 


3 


6 


3 


12 


15 


Ckasnutatlve: 


Yes 


k 


h 




12 




20 


ABsoclatlve: 


Yes 


5 


5 


10 


15 


20 


5 







CoiOBatfttive: Yes 
A£6oclatlve: Yes 





1 


2 


3 






1 


1 


1 


1 


1 




2 


2 


k 


8 


16 


Commutative; No 


3 


3 


9 


27 


81 


Associative: No 


It 


J* 


16 




256 


(Try the triple 


• 

• 


• 


• 


* 
• 


• • • • 


(2^)^ - 8 ^ 2 . J 


• 


• 


• 


■ 


• * # • 





,{13) 
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5. 



6. 



Iteny aaswerc «re possible, of course. 
'She only requiraaent is that the 
table be sysiBetric about the 
(ilagonal from upper left to lover 
right (and that each place in the 
table be filled iinlqi^ely so that 
the table does describe an operation). 

Many ansvers are possible, of course. 
The only requirement is that the 
tabl«t nust not be synnetric about 
the L-iagonal from upper left to 
lower right (and that each place in 
the table be filled uniquely so that 
the table does describe an operation) . 



1 
2 

3 



X 
Y 

Z 



P 



Z 
Q 

R 



See discussion, Exercises 2. 



1 

2 
3 



X 
P 
Q 



P 
R 
P 



Z 

y 





x3 


0 


0 


1 


1 


2 


8 


3 


27 


k 


6k 


5 


125 


6 


216 


7 




8 


512 


9 


729 


10 


1000 



See discussion. Exercises 3. 
See discussion. Exercises 3. 
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km Clostire 

SklllB and Understand! ags 

To recognize, from the tatle describing a binary operation, Aether 
or not a set is closed under the operation. 

2. To find whether or wot a set is closed under a binaxy operation 
described in vords* 

Teaching Suggestions 

The discussion here should prepare the pupil for consideration of more 
general systems irtiere the eleMnts may not be numbers. 

Bring out, by class discussion, that closure involves tvo things* 
(1) It must be possible to put any two (not necessarily different) elements 
of the set together and (2) the result obtained must always be an element 
of the set. Material for class discussion is provided by the various parts 
of Problem h of Exercises 3, 

As with associativity (see discussion of Problem 3, Exercises 3), to 
prove a set is closed under an operation, all cases naist be considered; a 
single counter example would prove that the set is not closed under the 
operation. 

It has been foxmd in some classes that the pupils have difficulty because 
they expect the concept of closure to be much cK5re difficult than it really 
is. Perhaps they should be reassured this point. 

The chief purpose of Examples 5 and 6 is to contribute to the under- 
standing of closure by showing what a set must contain if it is to be closed. 
This is in a way also a preparation for the discussion of the existence of an 
Inverse. Incidentally, the idea of a generator is an important mathematical 
concept! e.g., all the counting numbers are generated by the single nuaiber 1 
\inder addition. This is the principle of mathematical induction: A statement 
is true for all counting numbers if, first, it is true for the nuinber 1 and, 
second, whenever it is true for a counting number k it is also true for 
k + 1. In a way we "generate" the truth of the statement for all counting 
ntifflbers by starting with 1 and proceeding step by step. Gome teachers aay 
feel that these two examples are t<s> hard. If they are emitted the following 
Problems in Exercises h should also be omitted; 3, ^, 5, 6j also Problem 7 
in Exercises 6 should be omitted. 
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Discnisslon of Exerclges k 

1. Each table detexaines a eet (the set of elexsente in the left (x^limn and 
top row) I and deficrlhes coiapletely the corresponding operation. For a 
set to be closed xmder the corresponding operation, each entry in the 
body of the table muat be an elei&ent of the set. In Tables (a), (d), 
and (e) this is true; in (b) and (c), it is not. 

♦ 7* From the definition of consmtativity in Section 3, it oust be possible 
to put any two elements of the set together in either order and the same 
resi^lt must be obtained^ but the result of the operation is not required 
to be an element of the set* In fact. Table (b) of Section 3 gives an 
example of a cossmitative operation, and the set on vhich the operation is 
defined is not closed under the operation* 

♦8. From the definition of associativity in Section 3, it must be possible 
to put any three elements of the set together in the tvo ways specified 
and the same result must be obtained* This means that the set on vhich 
the operation is defined must be closed under the operation since, if we 
can combine a, b, c as (a + b) + c, then certainly a + b must be 
an element of the set on which the operation is defined; otherwise we 
cannot proceed with (a + b) 4^ c. That is, the set is closed under the 
operation. 

9* and 10. The pupils may need help in beginning these problems. The set 
of elements has been chosen, but each pupil should choose a syiobol for 
his operation and fill in the entries in the table. See discussion of 
Problems 5 and 6, Exercises 3* 



Answers to Exercises k 

1, The sets of (a) and (d) are closed under the corresjK^nding operations 
(all the entries in the table appear in the left column and in the top 
row); those of (b) and (c) are not closed (some entries in tables (b) 
and (c) do not appear in the left column and in the top row)* See 
discussion. Exercises ^. 



(a) 


Closed 


(f) 


Not closed: 


15 - yj cannot be performed 


il) 


Closed 


(e) 


Closed 




(c) 


Closed 


(h) 


Closed 




(d) 


Not closed 


(i) 


Kot closed: 


j + r Is not a prime 


(e) 


Closed 




Not closed; 


j ^ 3 - 11 (base 5) 
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3» {•> {2,k,6f,,,fSk,.,.) \Amr9 k is • counting number. 

{b) (2|2 ,2^, ...,2'', . . .) vhere k is • counting nunber. 

(•) {7,li*,21,,,.,7k,.,,} k is a counting nuii3>er. 

(b) {7,7^,7^,...,?^, ...J wtiere k is « counting nuniber. 

5. (*) 10X-3, (10 1)01-301-2. 
[(10 1)0 ll 01 - 201 - 1. 

If we continue the opwrmtlon 0 , we generate the sue set sgsin. 

Hence the set (1,2,3) is the sut-set of S gencMted by l 
under the operstion O. 

(b) 2 02 - 2, (2 0 2) 0 2 - 2. 
[(2 02) O 2] 02-202 - 2. 

It is clear that the subset of S generated by 2 under the 
operation 0 is the subset (2). 

*6. (3, (3 + 3), (3-i.3) + 3, E(3 + 3) + 3l+3, ...) or {3,1,^,...} 

1 

Yes; 3 and j are in the subset of rationaXs generated by 3 under 

division. Noj 3 ^ J or 9 ie not in this subset. Therefore the eet 

is not closed under division and hence it cannot be associative. See the 
disciifision on Problem 8. 

7. No; see discuaaion. Exercises k. 

8. Yes; see disnission, Exercises 4. 

9. Many answers are possible, of course. 
The only requireaent is that each 
entry in the table telong to the 
set {0,^3,100} and that each 
place in the table be filled 
uniquely so that the table does 

describe an operation. See discussion. Exercises i^, 
10. Many answers are possible, of course. 
The only reqiuireaent is that at 
least one entry in the table saist not 
be an element of the set (0,1*3,100) 
(and that each place in the table be 
filled uniqjiely so the table does 



* 


0 


43 


100 


0 


0 


0 


0 


^3 


^3 


0 


^3 


100 


0 


^3 


0 





0 


43 


100 


0 


0 


0 


^3 


^^3 


^3 


1 


0 


100 


2 


0 


^3 



describe an operation). See discussion. Exercises 3. 
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5* Identity ELwBettt ; Inverte of ^ ELment 
Skillt mod UBdBrartMdiagi 

I. lb d«texBln« trcm • table vteUwr there is an identity eXen^Qt for 
the operatioa, and if so, yAia.t it is. 

2« lb realise tbat an elment canQot have as inverse imlese there is 
an idastity eleaent. 

3. To dstexBi&e traa a table vfblth eloaents have inverses. 

k, To find the inverse of an clesaezst, if the element has an inverse. 

TeacMog Suggestions 

Let the students experiiaent vlth several tables finding identity elements 
and inverses of elements. Try to lead them to discover that there is an 
identity eleaent for an operation if, in the table, (1) there is a column 
eocactly like the left colvtssa, and (2) there is a row exactly like the top 
xov. The eleaent associated with both will be the same, and will be the 
identity, because if ax « x and yb * y for all x and y in the set, 
ve may replace x by b and y by a to get ab °> b « a. 



1 

2 

3 
k 

5 



2 

3 
k 

5 
1 



3 

k 

5 
1 
2 



k 

5 
I 
2 
3 



5 
1 
2 

3 



1 

2 

3 
J* 

5 



In the figure the last row and 
the last colvuan fit the above 
conditions. 5 is the identity 
element . 



¥■ 


3 


k 


5 


1 


2 


1 


i* 


5 


1 


2 


3 


2 




1 


2 


3 


k 


k 


2 


3 


J* 


5 


1 


5 


3 


k 


5 • 


1 


2 


3 


1 


2 


3 


k 


5 



The third column and the foxurth 
row fit the conditions, 5 is 
the identity. 
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Lead the student 6 to discover that an element baa an inverse if the • 
identity appears in the saoe relative poBition in the rov as in the column 
aaaoctated with thin element when the top row and left column are in the 
saz&e order. 

For example: In the first table the second element in the third row and 
the second element in the third column are both the identity element t?. This 
mifana that 3 has an inverse. Since 3 was associated with 2 both times 
to get the identity 'j, then 2 and 3 must be inverses. The pairs 1 
and k, and 5 and 5 are seen to be inverses in a similar way. 

Notice that the second table has the same eleaentu and the same operation 
as the first, but that the order of the elements in the left column is 
differt?nt from that in the top row. It is not possible now to use our usual 
check of symmetry about the diagonal for commutativity . The method of finding 
the inverse of an element discussed above does not work out either. 

The above may be pointed out to the students if you wish. None of the 
other tables in the chapter will have ito top row and left column in different 
order. 

Tlie teacher should be warned that there is some difficulty about division 
and subtraction in a non- commutative system. For multiplication b is 
called the inverse of a if ab « ba ^- 1. 
This can happen in a non-commutative system. 
This is such an example, where each element 

o 

is its own inverse. But the symbol — is 
aaibiguoas since 3 • x = 2 has the solution 
X « 1 and 3 = 2 has the solution 
X 2. Actually what is usually done for 

such systems is to multiply by the inverse and not divide at all. For instance 
we would either have the product i'2=:3'2=^3 or the product 
2' i - 2 • 3 - 2. 

An analagous situation exists for subtraction when addition is not 
commutative. This can be illustrated in terms of the above example if we 
replace • by and - by .3^ 

However, it was felt that such cons 1 derations as these were much too 
complex for inclusion in the text and hence when quest, ns of division or 
subtraction arise, we restrict the systems to comsiutat? systems. 



» 


I 


2 


3 


1 


1 


2 


3 


2 


3 


1 


2 


3 


s 


3 


1 
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Asmmrm to fixTcl«ei ^ 

I» (a) Is tmble the identit^y is ^. 

IQ ta))ltt (d), the identity Is 2* 

(b) In tmble (a), the inverse of 1 is hi of 2 is 3i of 5 is 5 

In table (h), no elei&ent 1ms an inverse « 

In table (c), no elesiient has an inverse. 

In table (d), the inverse of I is 3j of 2 is 2. 

Each meinber of the sets for tables (a) and (d) has an inverse. The 
operations described by tables (b) and ^c) do not have identities so no 
inverses can exist. 

2. (a) Operation Identity 

(a) Ik 

(b) 501 

(c) g 

(d) rione 

(e) None 

(f) None 
(s) 1 
(h) Ifone 

(b) The only inverses are those listed below. 

(a) 74 is the inverse of 7^- 

(b) 501 is the inverse of 501. 

(c) 2 is the inverse of 2. 

1 is the inverse of 1. 

(c) None. 

3- No; if there are tvo identities (P and Q) for a given operation, 
then consider the result when F is combined vitb Q. Since Q is an 
identity, the result smst be P. But since P is also an identity, the 
result oust be Q. Tbus^ F and Q must be the same element since 
each equals the result of combining F and 
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Axmvtvm to Eicerciiea gb 

X. U) Ue ■ 1 (aod 6), x - 1 

Sx ■ 1 (aod 6} , not possible 

3x ■ I (aod 6), not possible 

kx ml {taod 6), not possible 

5x ■! (xaod 6), x - 5 

(b) 1, ^. Esch is its own inverse. 



2, 



(mod ^) 



b 


a 


molt ipli cmt ive 
inverse of a 


b 4- a 


^ , / multiplicativeN 
^ inverse of a y 


1 


2 


3 


1*2 m3 


1-3 "3 


2 


2 


3 


2 •!> 2 ■! 


2 .3 ■! 


3 


2 


3 


3 -7 2 ■ 1^ 


3-3 mk 


2 


3 


2 


2 -r 3 ■ 


2 '2 mk 


3 


3 


2 


3 * 3 ■ 1 


3 -2 « J 


k 


3 


2 


4 4- 3 "3 


k '2m 3 


1 


k 


k 


1* k mk 


1' kmk 


2 


k 


k 


s 4- h m3 


2 'k m3 


3 


k 


k 


3 * ^ m2 


3'^ m2 


k 


k 


k 


k -i- k ml 


k* kmi 
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3. (mod 5) 



D 


ft 


additive 

xxiVGZ^'^ or Q 






/additive N 
V inverse of a J 


u 




k 




1 ■ 1| 


0 k mk 






k 




1 « 1 


2 + 4 B 1 




1 


k 




1 « 


U + U ■ 3 


i 
L 


0 


I) 


1 - 


2 ■ U 


1 + 3 ■ ^ 


2 




3 


0 « 




p + ■ 0 


3 




5 




PHI 




2 


k 


1 


2 - 


U ■ 3 


2 + 1 ■ 3 


3 


k 


1 


3 - 




3 + 1 ■ 1+ 


1+ 


k 


1 


k - 


4 ■ 0 


k + xmo 



k. 


(a) 


no 




(b) 


no 




(c) 


no 




(d) 


yes, except division by 




(a) 


{0,1, 2, 3,1+, 5} 




(b) 


{1,^5}, {5} 




(c) 


{2,1*), (1,5), {5} 


6. 


(a) 


(A,B}, {C,D}, {A,D} 




(b) 


yes, D 




(c) 


{C,D} 




(d) 


(CD) 



If you vish, you might bring up the general problem of defining an 
operation which is inverse to a given operation * defined on a set. If 
there is an identity element e for if , if every element of the set has an 
inverse element in the set, and if is associative, then 

(the inverse of b; -^t* a 

could be written a b. Then ^» will be the inverse operation for ^. 



2k 



n f 




Hence 



t « (the inverse of h) it a- 

For exang>le: Suppose a and b are raiional nuiabers, h ^ 0, and ^ is 
the multiplication operation, then is division (the inverse operation) 

and i is the inverse of b» 

Hence: 

a + b = i X a* 



6, What Is a Mathematical System ? 

Here the mathematical system is given an informal definition and is 
followed by discussion in terms of previous examples and some new ones. Here 
the teacher should not try to be too formal • 

Teaching Suggestions 

In Section 3, it was pointed out that a table can list a set and 
describe an operation defined on that set. Thus, a table really describes a 
mathematical system, and not merely an operation. Illustrate by dismissing 
tables (a) - (e) of Section 3i and by showing that each table does describe 
a mathematical system (a set and one or mojre operations defined on that set 
in each case, it will be one operation). 

In Example 1, Part (c) (egg-timer arithmetic), remind the pupils of the 
symmetry test for commutativity discovered in Problem 2 of Exercises 3. The 
table for egg-timer arithmetic is symmetric, so the operation is commutative. 

Have the class decide on a word for the operation in Table (c) of this 
section. ("Twiddle*" is sometimes used.) 

Answers to Exercises 6 

1. Each one of Tables (a), (b), (c) describes a mathematicaX system. 
For "ftible (a), the set is (A,B}; the operation is o. 
For Table (b), the set is (P,Q,H,S); the operatioQ is ^, 
For T^ble (c), the set is {A, 0,0,\ }; the operation is . 
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2* (a) A {e) Q (i) A 

(b) O (f) S (J) B 

{c) O (g) P (k) A 

(d) B (h) \ (1) R 



3. The operation o is not comsautative, since Table (a) is not syiaffletric. 
The operations ^t■ and ^ are both conanutative, since both Tables (b) 
and (c) are syi2ssetric. 

U, There ia no identity element for the operation o. 

There is no element e, such that t^th of the eqiiations A o e « A 
and B o e = B are correct. 

The element R is the identity element for the operation ^ . The row 
of Table (b) with "R" in the left column is the same as the top row, 
and the coliimn with "R*^ at the top is the same as the left colximn. 
The element A is the identity elen^nt for the operation . The first 
row and column of Table (c) are the same as the top row and left column 
respectively . 



5. (a) S (e) Q (i) \ 

(b) S (f) Q (J) \ 

(c) R (g) \ 

(d) R (h) \ 



6. Each of the operations -jf and seems to be associative since, in 
each of the cases we have tried, the corresponding expressions are equal. 
To prove the operations are associative, we would have to examine all 
cases and show that the corresponding expressions are equals To prove 
an operation is not associative, a person would have to find one example 
where the corresponding expressions are not equal • 

7. BRAINBUSTER, (a) The element 2 cannot be combined with 2 by the 
operation * (that is, 2 it 2 is not defined), 

(b) 2^1 is not uniquely defined. Many results are possible when 
2 and 1 are combined, 

(c) The set given by this table is {1,2,3,4). But it is not possible 
to combine every pair of elements (e.g. 3 and 3), We do not have 
an operation defined on the set. 
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7. Mathea&tlGal gystems Without Himbers 

Skills and Understanding s 

!• To reco^ze a mathezaatical system vhen it is descril^ed in words. 

2. For systems without numbers: To recognize the elements of the setj 
to recognize the operation; to recognise an identity element; 
to recognise the inverse of an element. 

Teaching SosggBtions 

Each pupil should have his own rectangle to manipulate, such as, a 
3" X 5" card. Do not use square cards. Be sure that each pupil labels his 
rectangle correctly so that comparisoiis between different pupils are possible. 
Check especially that each comer of the card is labeled vith the same letter 
on both sides. Stress that the card is used only to represent a geometric 
figure a closed rectangular region - 

It cannot be repeated too often that the changes of position of a 
rectangle are the elements of the set in the mathematical system dlscxissed 
in this section. One of these changes is something that is "done"; that is, it 
is a physical activity, but it is an element of the set — it is not the 
operation of the system. The operation of the system is much iiK>re elusive. 
Any operation defined on the set must be a way of combining ai;y two of these 
i-hysical activities (changes) to get a definite thing. The particular 
operation we have chosen combines two of these changes by doing the first one 
and then the other. The result (definite thing) obtained is one of the changes, 
but the operation is the way of combining them, that is: First do and 
then do . . . • 

Discussion of Exercises 7 

^. In proving associativity, "all cases" must be considered. There is one 
case x'or each triple of (not necessarily different) elements of the set 
on which the operation is defined. For the operation ANTH, there are 
h elements in the set, so there will be k * h • k =^ 6k triples; that is, 
6h cases must be considered to prove the associative property, 

5. andie6. For ease in grading written work it is essential that all students 
use the same notation in these exercises. One possible notation is 
described In the answers. 



jtoamra to atMpel«e» 7 



I. 



2. 



(a) 

(to) 
(c) 
(d) 
(e) 

{«) 

(fc) 
(c) 



(d) 



v. (a) 



(b) 
ic) 
id) 

(e) 
(f) 



I 
V 

u 

R 

V 
V 
V 
V 

I 



H 



I 
V 

B 
R 



V 
I 
R 
H 



H 
R 
I 
V 



R 
F 
V 
I 



(f) 

(s) 

(b) 
(i) 



I 
I 
I 
I 



Yes 
Yes 

Yes, the operation Is Associative. A proof would require that 
6k cases be checked. Each pupil should check two or three; do 
not attest to check all cases. See discussion. Exercises 6. 
Yes. Z is the identity. 
Yes. Each el«&ent is its own inverse. 

ANTH 



Yes 
Yes 

Yes. All cases can he checked (there are 8 cases in all). 
See discussion of Problem 3, Exercises 6, 
Yes. I is the identity element. 
Yes. Each eleoent is its ovn inverse. 
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ABIH 


I 


R 


S 


T 


V 


V 


I 


I 


B 


s 


T 


U 


V 


R 


H 


S 


I 


U 


V 


T 


S 


S 


I 


R 


V 


T 


U 


T 


T 


V 


U 


I 


S 


R 


U 


U 


T 


V 


R 


I 


S 


V 


V 


U 


T 


S 


R 


I 



The opermtion is not coasmtative (R AHTH T / T ANIH R) I is the 
Identity element. Each of I, T, U, V is its own inveree element; 
R and S are inverses of each other. 

*6. Notation: 

Z; Leave the square in place. 

Rj^: Rotate clockwise ^ of the way around. 

R^; Rotate clockwise i of the way around. 

R^: Rotate clockwise ^ of the way around. 

Hr Flip the square over, using a horizontal axis. 

V: Flip the square over, using a vertical axis. 

Dj^; Flip the square over, using an axis from upper left to lower right. 

D^: Flip the square over, using an axis from lower left to upper right. 

Note: It was suggested that a square card not be used. This prohlem is 
included to show why such a suggestion was made. 
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I is the identity element , The operation is not commutative 
(R^ AHTH H ^ H ANTH I^). 



8, The Cbunting Numbers and the Whole Numbers 

This section has problems which lead the pupils to conclude that the 
counting numbers and the whole numbers each foim a mathematical system. 
It is pointed out that the distributive property with which the pupil is 
familiar comes frcm the abstract discussion of this property. The pupils 
shoiild not be expected to duplicate the abstract definition. 

One of the objectives of the section is to show a way to pull together 
the concept of systems. 

Some of the sets of numbers considered in ordinary arithmetic are; the 
rational nutobers, the whole numbers, the counting numbers, the even numbers, 
etc# 
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giacuagion of EKerolsea 8 

k. One poiBlbie aodrl of the natheaatic*! systen in thi« exercise is «s 
foUows: Let A - (1,2), B - {1,2,3), C - (1,2,U), D « (1,2,3,1^}. 
Then, froo the tables in the problem, the operation # is intersection 
and the operation o It, union. Each of these operations distributes 
over the other. 



Ana vera to Exercises 8 

I. (a) Since the sua of two counting nuaibers is alvays another counting 

number and the product of two counting numbers is always a counting 
number, the set is closed tinder addition and nailtiplication. 

(b) Both the commutative property and the associative property hold 
for addition and multiplication. 

Exan^iles: Cojnnutative; 2 + 3 = 3+2; 

4 X 6 = 6 X U 
Associative: 3 + (1* + 7) => (3 + 4) + 7. 

3 X (6 X 8) = {3 X 6) X 3. 

(c) There is no identity element for addition. 

The identity element for multiplication is 1; for every counting- 
number n, n • 1 = n » 1 • n. 

(d) The counting numbers are not closed under subtraction or division. 

2. (a) l-he set of whole numbers is closed under addition and multiplication. 

(b) Both operations are commutative and associative. 

(c) There is an identity element for addition. It is zero; for any whole 
number n, n + 0 = n = 0 + n. The number 1 is the identity 
element for multiplication. 

The answers are the same as for 1 (a), (b), (c) except that there 
is an identity element for addition in the whole number system and 
not in the counting number system. 

3. (•) Three examples are: 2(3 + 4) - (2 • 3) + (2 -k); 

5(7 + 10) - (5 -7) + (5- 10); 
1(1 + 1) = (1 .1) + (1 .1). 

(b) Addition does not distribute over multiplication; for example, 
2 + {3-1*) - U ^ 30 = (2 + 3) • (2 h). 
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k. See dlacuislon, ltereite« 7. 

(ft) Yes, here ftre 3 lUuitratloca that ¥r dittrilmteB over o: 

A # (B o C) - A - (A * B) o (A ♦ C) 
B # (B o B) - B - (B * B) o (B ♦ B) 
C * (B o D) - C - (C 4t B) O (C # D) 

(t) Yes, here «re 3 illustretions that o distributes over *■ . 

A o (B « C) • A - (A o B) » (A o C) 
B o (B ^ B) « B « (B o B) (B o B) 
C o {B * D) - D - (C o B) (C o D) 

5. (a) Closedj coiamtative; associative; 1 is the Identityj only the 

nui^er 1 has an inverse. 

(b) CloBedj «M8mtative; associativej ik> identity; ao inverses. 

(c) Closed; t^jaaautatlve; associative; 0 is the identity; only the 
nustber 0 has an inverse. 

(d) CXoged; cMsoutativej associative; no identity; no inverses. 

(e) Closed; aammtative; associative; 0 is the identity; only the 
xamter 0 has an inverse. 

(f) Not closed; csMantitative; not associative; no identity; no inversei 

6. (a) Both sets are closed under the operations. Both operations are 

wsBflutative and associative. Both systsas involve the sane set. 

(b) The system 5(a) has an identity and 5(b) does not. Also, the 
sets are different in these tvo systa&s. 

<t-7. Many results are possible, of course. 

*8. (a) Yes. Ve are asked to consider the tvo expressions a * (b o c) 
and (a * b) o (a # c), and find whether or mt they are always 
eqiuil. For example, using a = 8, b » 12, c » 15, 
8 «• (12 o 15) - 8 * 60 » h. 
(8 * 12) o (8 * 15) - o 1 - k. 

(b) Yes. We are asked to consider the two expressions a o (b c) 
and (a o b) * (a o c), and find whether or not they are always 
eqM*i' exaaqjle using a = 8, b » 12, c ■ 15, 
8 o (12 * 15) « 8 o 3 - 2i*. 
(8 o 12) * (8 0 15) - 2U * 120 - 2h. 
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9. ModulT Arithmetic 

In thli section, the nunber line Is used to provide t picture of how 
equivalence clMses of whole nunibers csn be developed. At this time it may 
be vise to re-read the first paragraphs of Section 1. We use the tem 
"multiple" to mean "multiple by a whole number". 

Problems which may be used for motivation to explain the meaning of 
modular systems include the ordinary 12-hour clock, the days of the week, 
and the months of the year. For eacBaiple, "Today is Tuesday; vhat day will it 
be six days from now?« Answer: Monday; this is (mod 7). "It is 4:30 
o'clock. What time will it be 10 hours from now?" Answer; 2:30; this is 
(mod 12). 

Modular arithmetic may be thought of as a mathematical system with two 
operations. Section 1 discussed modular addition and Section 2 discussed 
modular matiplication. The two operations together allow us to use the 
distributive property; thus, the whole numbers form a system under modular 
addition and multiplication. In modular arithmetic only a finite nuniber of 
symbols is needed because infinitely many whole numbers are represented by 
each symbol. 

Other interesting highlights are: 

A- product of non-zero factors may be zero in some systems. 

There may be many replacements for x in a number sentence to make it 

true. 



Answers to Exercises 9 
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( Encourage 


the pupils 


to look for patterns and 
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use 


what they have 
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2, U) (asd^): Yen 

(c) 
(d) 
in) 



it) 



(Bod8)s Yei 

(aod 3): Yes 

(sod S): Yes 

(aod 3): I 
k are their ova, inverses; 

of e«cb other; 0 has oo inverse. 
(nodB)s C3nly 1, 3, % 
(aod 5): Yes; 



(aod^): Y«i; 

(aod 5): Yes; 

(aod 5): U 

(aod S): 1 and 



2 and 3 are inverses 



7 are inverses; each is its ovn inverse, 
(aod 8): So. 2 x 4 a 0 (fikid 8), 

4 X 2 ■ 6 (a»d 8), U X U BO (nod 8), 
Ux6B0(aod8), 6xUBO(m}d8}. 



3. 
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8, 12, 2k 
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ends in 6. 
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10. 
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The set !• closed under atittrmctioa (nod 5). 

11. {«) 3, 8, 13 and others (add 5) 

(b) 3« 7, 11 «nd others (add k) 

(c) 0 snd *11 BWltiple. of 5 of the form 5K, K is a counting 
minber. 

(d) Any even ouober 

(e) 3, or any odd nunber greater than 3 
i» 3» 5 »nd BO on (all odd nusibers) 

12. (d) Any even tsMier 

1* 3, 5< 7, 9* 11, 13 and so on (all odd nunbera) 
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Smple Quegtlonfl 

Itot I> Trtie - Bilge 

T 1. C^rfttioz}0 cmn be descrl'bed by tables. 

T 2. A syisbol can be aade to wmn mx^bing providing ve deflx^ it. 

F 3# Tte Identity for matiplication in ordizuury aritfaxoetic is zero. 

F Hie identity for addition in ordinary arithmetic is oz». 

T 5« Th^ additive inverse of 2 in tbe (xaod if) syet^ ie 2. 

T 6« In ordinary aritfai&etic, vith the set coB^iosed of all the rational 
nuB^en except mto, the inverse of division is mult ipli cation « 

F 7. AH aathesifttical systems are sets of nusa)er8« 

F 8. In (mod 5) arithmetic, 0/3 « 2 {mod 5)* 

T 9* The set (0,1,2,3) is closed under subtraction (mod h). 



Tvt II. 


CossputatioQ 




Find the 


mmai 


Answers: 


1. 


(9 + 2) (xaod 12) 


11 


2. 


(5 + 1* + 3) (mod 6) 


0 


Fixul the 


diff erenceB : 




3. 


(5 - 2) (i»d 6) 


3 


k. 


(3 - 5) (ffloi 7) 


5 


Find the 


pzx)ducts: 




5. 


E(3 + 7) X 6J (nod 9) 


6 


6. 


3^ (nod 8) 


1 


Find the 


quotients : 




7. 


1 (nod 5) 




8. 


^ (asod 11) 


0 
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Itot III. Mmtlple CbalaB 

The Uble below describes • Mthesastical system. It la to be used in 
•XMwerixig qtiesticms 1, 2, and 3 below. 
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1. Which one of the foUowing statements is true? (Anewpfi are starred). 

A. The set {A,B,C,D) is not closed with respect to the operation 
o. 

* B. The operation o is coaanrutatlve. 

C. The operation o does not have an Identity element. 

D. The operation o is not associative. 

E. None of the above. 



The 


identity for the operation 


A. 


D 


B. 


B 




C 


D. 


Both A and B 


E. 


None of the above. 



3. In the mathematical system: 

A. Only B has an inverse. 

B. Only D iias an Inverse. 

C. Only A and C have inverses. 

D. Bone of the elements has an Inverse. 
*E. All the elemente have inverses. 
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?0T ybtkt ao&iluB m is S - 5 S ^ m) true? 

A. Mod 9 

B. Hod 6 

C. Mod 8 

* D. Mod 7 

£• None of the above. 

For the system consisting of the set of odd numbers and the operation 
of multiplication: 

A. The system is not closed* 

B. The system is not coaimitative. 

C. The system has no identity element. 
^ D# None of the above is correct . 

E. All of the above are correct. 

For the system consisting of the set of even niambers and the 
operation of addition: 

A. The system is not closed. 

* B. The system has an identity element- 

C. The system iias an inverse for addition for each element. 

D. All of the above are correct- 

E. None of the above is correct. 

A mathematical system consists of several things. Which of the 
following 'is alvays necessary in a mathematical system? 

A. Numbers 

B. An identity element 

C. The conamitative property 
-tt- D. One or more operations 

E. None of the above 
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Use the amthcaaticml gystan as described below in aaiimriag QuestioM 
8, 9, and 10* The eet of elexaenta In our sy«tea is the set of changes of a 
rectangle. 

The elements are 



A 


B 


1 




D 


C 



D 


C 


H 




A 


B 




I means leave 
alone. 



H means flip 
on the hori- 
zontal axis. 



V means flip 
on the vertical 
axis. 



The following is an illustration of onr operation ^ ; 

V » H means do change V and then do change H. 
Thus V # H » R. 

8. H ♦ H is: 

A. M 

* B. I 

C. R 

D. V 

E. None of the above. 




R means turn 
balfioy around 
its center. 



9. I * R is: 
#• A. R 

B. V 

C. I 

D. H 

E. R 4e- H 
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10. (H *^ V) ♦ V is: 

A. X 

B. V » V 
♦ C. H ♦ I 

D. V 

£. Itone of the above. 
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